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A significant tension has become manifest between the current expansion rate of our Universe
measured from the cosmic microwave background by the Planck satellite and from local distance
probes, which has prompted for interpretations of that as evidence of new physics. Within conven-
tional cosmology a likely source of this discrepancy is identified here as a matter density fluctuation
around the cosmic average of the 40 Mpc environment in which the calibration of Supernovae Type Ia
separations with Cepheids and nearby absolute distance anchors is performed. Inhomogeneities on
this scale easily reach 40% and more. In that context, the discrepant expansion rates serve as ev-
idence of residing in an underdense region of δenv ≈ −0.5 ± 0.1. The probability for finding this
local expansion rate given the Planck data lies at the 95% confidence level. Likewise, a hypothetical
equivalent local data set with mean expansion rate equal to that of Planck would not gain strong
preference over the actual data in the respective Bayes factor. These results therefore suggest consis-
tency between the local and Planck measurements of the Hubble constant. Generally accounting for
the environmental uncertainty, the local measurement may be reinterpreted as a constraint on the
cosmological Hubble constant of H0 = (76.5± 5.5) km/s/Mpc for the mean and standard deviation
or H0 = 74.7+5.8−4.2 km/s/Mpc in terms of median and 68% confidence bounds. The current simplified
analysis may be augmented with the employment of the full available data sets, an impact study
for the immediate . 10 Mpc environment of the distance anchors, more prone to inhomogeneities,
as well as expansion rates measured by gravitational waves, currently limited to the same 40 Mpc
region, and local galaxy motions.
Introduction.— Determining the expansion history of
our Universe is paramount to resolving its energetic com-
position or testing key ingredients of standard cosmol-
ogy such as the validity of General Relativity on large
scales and the cosmic principle. Measurements of the
current expansion rate reveal a significant tension be-
tween the constraints inferred from the cosmic microwave
background (CMB) [1] and those found from separations
to Supernovae Type Ia (SN Ia) using absolute distance
anchors from nearby Cepheids, masers, parallaxes, and
ecliptic binaries [2–6]. The 4.4σ [6] discrepancy between
these probes of the early and late Universe has hence
spurred much speculation for its interpretation as a sig-
nature of new physics (see for example Ref. [7]).
This Letter argues that the local measurement of the
Hubble constant is likely impacted by the matter den-
sity fluctuation around the cosmic average of the 40 Mpc
environment surrounding us. Such an inhomogeneity is
shown here to affect the calibration of SN Ia distances
with the Cepheids and the anchors, performed in the
same volume. The scale is set by the furthest host galaxy
of the sample [5]. Previous studies (see Ref. [8, 9] and
references therein) have focused on underdense environ-
ments at scales of several hundreds of Mpc, where inho-
mogeneities are however strongly constrained in ampli-
tude. Density fluctuations on a 40 Mpc scale in contrast
may easily reach 40% and more.
This work presents an estimation of the likelihood of
residing in a sufficiently underdense 40 Mpc environ-
ment to give rise to the observed discrepancy between
the measured local and cosmological Hubble constants.
The numerical computations performed for this purpose
will assume Planck [1] mean cosmological parameters and
standard deviations, specifically the total matter den-
sity parameter Ωm = 0.315± 0.007, the Hubble constant
H0 = (67.4±0.5) km/s/Mpc, and the matter fluctuation
amplitude σ8 = 0.811 ± 0.006. The local expansion rate
is given by Hˆ0 = (74.03±1.42) km/s/Mpc [6], where hats
will denote local quantities for clarity. The speed of light
in vacuum is set to c = 1.
Calibration of SN Ia distances.— A measurement of
the local Hubble constant Hˆ0 was conducted in Ref. [2],
employing a distance ladder that is based on precise
maser separations to NGC 4258 to calibrate Cepheid dis-
tances and from that separations to SN Ia using suit-
able host galaxies. Improved measurements adopting
this technique were performed in Refs. [3–6], including
more hosts for the Cepheid-calibrated SN Ia separations
as well as additional independent calibrations of the ab-
solute Cepheid distances from Milky Way parallaxes and
from Cepheids and detached eclipsing binary separations
in the Large Magellanic Cloud. The combination of
these distance probes currently yields a measurement of
Hˆ0 = (74.03± 1.42) km/s/Mpc [6], which is in 4.4σ ten-
sion with the CMB measurement of Planck.
More specifically, the measurement of the local Hubble
constant is obtained from the relation [2] (App. A 3)
log Hˆ0 =
1
5
(m0x,N4258 − µ0,N4258) + ax + 5− log dˆ1 , (1)
where m0x,N4258 is the expected peak magnitude of a
SN Ia in NGC 4258 and µ0,N4258 denotes the independent
precise distance modulus from its masers, which relates to
the luminosity distance dˆL,N4258 as µ = 5 log(dˆL/dˆ1)+25.
The peak magnitude m0x,N4258 is found from a fit to
the joint Cepheid/SN Ia data, where the j-th measured
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2Cepheid magnitude in the i-th host mWH,i,j provides the
difference in the distance moduli µ0,i − µ0,N4258, which
corresponds to the differencem0x,i−m0x,N4528 for the SN Ia
magnitudes m0x,i [5]. The term ax is the intercept of
the magnitude-redshift relation for the SN Ia, given by
ax = log(H0dL)− 0.2m0x, which importantly is indepen-
dent of an absolute separation scale. The luminosity dis-
tance dL in ax is fit to a large SN Ia sample covering the
redshifts 0.023 < z < 0.15, ∼(100–650) Mpc, and the
individual m0x are determined by a light-curve fitter.
Note that the distance normalization dˆ1 in Eq. (1) has
been kept explicit here and refers to a 1 Mpc absolute
distance in the local reference frame. For dˆ1 to simply
cancel it must be given in the same reference frame as
dˆL,N4258. For a homogeneous universe, the cosmological
ruler equals the local one, d1 = dˆ1, such that Eq. (1)
also implies a measurement of the cosmological H0. In
the case of a local inhomogeneity, however, the local and
cosmological metrics are related by a conformal transfor-
mation gˆµν = (aˆ/a)2gµν for the respective scale factors
aˆ, a (App. A 2). Unlike for coordinate transformations,
conformal transformations do not preserve physical dis-
tances, and it is easy to show that Hˆ0/H0 = dL/dˆL.
Hence, Eq. (1) implies a measurement of the expansion
rate of the local environment, defining the frame in which
dˆL,N4258 is measured. Given dˆL,N4258 but not dL,N4258,
one also arrives at this conclusion if expressing Eq. (1) in
terms of H0 and d1 instead. The use of an absolute dis-
tance anchor in the cosmological frame in contrast would
provide a measurement of H0, consistent with the find-
ings of Ref. [10].
In principle the absolute distance scale only enters
through NGC 4258 at 7.5 Mpc and other more nearby
anchors. One may therefore consider the relevant envi-
ronment as set by that scale. However, the calibration
of the Cepheid magnitudes mWH,i,j from which the scale
in µ0,i is inferred is performed with an involved fitting
procedure of Cepheid parameters to the full sample of
the joint Cepheid/SN Ia hosts at . 40 Mpc. The en-
vironment for the absolute distance anchors is therefore
conservatively set here to . 40 Mpc. The effect of an
environmental density fluctuation for the absolute dis-
tance anchors at . 10 Mpc lies beyond the scope of this
work and is left for future study. Whereas matter density
fluctuations on the scales of (100–650) Mpc of the high-z
SN Ia samples are limited to standard deviations of .(5-
20)% around the mean, these reach about 40% on scales
of 40 Mpc and may hence impact the locally measured
expansion rate.
Expansion rate of the local environment.— The lumi-
nosity distances dL entering Eq. (1) are related to the
background expansion history H(z) as dL(z) = (1 +
z)
∫ z
0
dz˜/H(z˜), where a spatially flat statistically homo-
geneous and isotropic universe with standard cosmologi-
cal components of baryons, cold dark matter, and a cos-
mological constant Λ is assumed throughout. Radiation
will be neglected for the late-time universe of interest.
From the resulting time-time component of the Einstein
field equations with the Friedmann-Lemaître-Robertson-
Walker (FLRW) metric, it follows that
H2 ≡
(
d ln a
dt
)2
=
8piGN
3
ρ¯m +
Λ
3
, (2)
where a(t) = (1 + z)−1 is the scale factor of the FLRW
metric in terms of cosmological time t normalized today,
GN denotes Newton’s gravitational constant, ρ¯m repre-
sents the total matter density in the cosmological back-
ground, and H0 ≡ H(z = 0).
The local environment may be treated as a separate
FLRW universe embedded in the larger Cosmos [11]. En-
ergy conservation in this environment with respect to cos-
mological time t implies a local expansion rate of
Hˆ = −1
3
d ln ρˆm
dt
, (3)
where ρˆm is the average environmental matter density,
which relates to that of the cosmological background as
ρˆm ≡ ρ¯m(1 + δenv). This defines the local environmental
matter density fluctuation δenv.
Thus, the measured discrepancy of Hˆ0/H0 ' 1.1 be-
tween the Hubble constant obtained from Planck and
from the local probes may be interpreted as a measure-
ment of the local environmental inhomogeneity, averaged
over a 40 Mpc scale, with mean and standard deviation of
approximately δenv,0 ≈ −0.5± 0.1, for simplicity casting
data and probabilities into Gaussians. In the following
an estimate for the likelihood of residing in such a local
environment will be provided, noting that the required
underdensity lies in the nonlinear regime of structure for-
mation.
Nonlinear evolution of matter densities.— For sim-
plicity, the environmental density fluctuation will be
treated as a spherically symmetric top hat. From energy-
momentum conservation, ∇µTµν |env = 0, one derives the
nonlinear evolution equation [11, 12]
y′′ +
(
2 +
H ′
H
)
y′ +
1
2
Ωm(a)
(
y−3 − 1) y = 0 (4)
for the dimensionless physical top-hat radius y =
(ρˆm/ρ¯m)
−1/3, where primes denote derivatives with re-
spect to ln a and Ωm(a) ≡ 8piGN ρ¯m/(3H2). The evolu-
tion of y can be determined setting initial conditions in
the matter-dominated regime ai  1, where yi ≡ y(ai) =
1− δenv,i/3 and y′i = −δenv,i/3 for an initial top-hat fluc-
tuation δenv,i. For an environment that undergoes spheri-
cal collapse today, one can define the current linear spher-
ical collapse density, which for the Planck cosmological
parameters is given by δc = 1.678. Note that for small
fluctuations y ≈ 1, Eq. (4) can be linearized, yielding the
usual evolution equation for the linear growth function
of cosmological structure (δL/δL,i)(a).
Distribution of environmental densities.— The prob-
ability for a linear environmental density fluctuation
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FIG. 1. Peak-normalized probabilities for the expected expansion rate Hˆ0 in our local 40 Mpc environment given a cosmological
value H0 (left panel) and for a cosmological H0 given the local data Dˆ [6] cast into a Gaussian (right panel). Shaded regions
illustrate 68%, 95%, and 99% confidence levels around the median. The Gaussianized local (left panel) and Planck [1] (right
panel) measurements are shown for comparison (dashed curves), adopting the mean H0 of Planck for Hˆ0/H0. The expansion
rates agree at the 95% confidence level, and there would be no strong evidence in the respective Bayes factor for a hypothetical
equivalent local measurement with equal mean to that of Planck compared to the actual data.
δL,env, defined by the Eulerian (physical) radius ζ =
40 Mpc, can be estimated using excursion set theory,
where the resulting distribution is approximately de-
scribed by the expression [13]
Pζ(δL,env) =
βω/2√
2pi
exp
[
−β
ω
2
δ2L,env
(1− δL,env/δc)ω
]
×
[
1 + (ω − 1)δL,env
δc
](
1− δL,env
δc
)−ω/2−1
(5)
with β = (ζ/8)3/δc/σ2/ω8 , ω = δcγ, and γ = − d lnSξd lnMenv =
1 + n˜s/3. The Lagrangian (or initial comoving) radius is
set by ξ = 8 Mpc/h such that Sξ = σ28 . The slope of the
linear matter power spectrum PL(k) on large scales at an
initial time ai  1 in the matter era after the turn over
is set to n˜s = −1.6.
The probability for the nonlinear density fluctuations
Pζ(δNL,env) can be determined from employing the lin-
ear growth function (δL/δL,i)(a) to evolve the range of
δL,env back to an initial time ai  1 during the matter-
dominated epoch, which is well described by linear the-
ory, and then evolve the initial fluctuations δi forward to
the present time with the nonlinear solutions of Eq. (4).
The resulting probability distribution P (Hˆ0|H0) for a lo-
cal Hubble constant Hˆ0 given H0 in the cosmological
background inferred from Pζ(δNL,env) using Eq. (3) is
shown in Fig. 1 and is in good agreement with the dis-
tribution measured from N -body simulations in Ref. [14]
(also see Ref. [15]).
Consistency of local Hˆ0 with CMB H0.— The level of
agreement or disagreement between the local and CMB
measurements of the Hubble constant can now be quan-
tified. For a simple comparison, the local Hˆ0 measure-
ment of Ref. [6] is shown alongside with P (Hˆ0|H0) in
Fig. 1, where both distributions are normalized by their
peak amplitudes and Hˆ0 has been divided by the mean
Planck value of H0 for illustration. The local measure-
ment is found here to lie at the 95% confidence level of
P (Hˆ0|H0), suggesting consistency with the Planck value.
However, for a better assessment of the consistency be-
tween the two measurements, one may wish to directly
estimate the probability of one measurement given the
other. Planck provides the probability P (H0|D) of a cos-
mological background value H0 given the CMB data D.
From the local measurement one obtains the probabil-
ity P (Hˆ0|Dˆ) of a value Hˆ0 in our environment given the
local measurement Dˆ. For simplicity, both probabilities
shall be treated as Gaussians adopting the means and
standard deviations quoted in Refs. [1, 6]. At this point
it should therefore be stressed that for a more reliable
likelihood analysis, a more careful implementation of the
data beyond the simplified Gaussian treatment should be
performed. This is left for future work. The analysis pre-
sented here shall only serve as an estimate of the effect of
our environment on the local measurement of the Hubble
constant. Non-Gaussian features can be expected to be
subdominant.
From the measurements, employing Bayes’ Theorem,
one may find the probability ∝ P (Dˆ|H0) of getting the
local measurement Dˆ when given H0 in the background
and from that the probability ∝ P (Dˆ|D) for a local mea-
surement Dˆ given the CMB data D. More precisely,
P (Dˆ|D) =
∫
dH0P (Dˆ|H0)P (H0|D) , (6)
P (Dˆ|H0) =
∫
dHˆ0P (Dˆ|Hˆ0)P (Hˆ0|H0) , (7)
4and P (Dˆ|Hˆ0) = P (Hˆ0|Dˆ)P (Dˆ)/P (Hˆ0), where a flat
prior will be assumed for P (Hˆ0). Note that P (Dˆ|H0)
and P (Dˆ|D) can only be determined up to the factor
P (Dˆ). From P (Dˆ|H0) and Eq. (7), one can compute the
probability P (H0|Dˆ) for a cosmological Hubble constant
H0 given the local measurement up to a factor P (H0)−1,
also assumed flat here. P (H0|Dˆ) normalized at its peak is
shown in Fig. 1, providing alongside a comparison to the
Planck measurement, found here to be consistent with
expectations at the 95% confidence level. It is worth
noting that the impact of environment suggests the in-
terpretation of P (H0|Dˆ) as the actual local measurement
of the Hubble constant of the cosmological background
with mean and standard deviation H0 = 76.7 ± 5.5, or
H0 = 74.7
+5.8
−4.2 in terms of the median and 68% confi-
dence bounds. Finally, one can assess to what extent a
hypothetical local measurement Dˆeq with the same un-
certainties of Dˆ but equal mean to that measured by
Planck, Hˆ0 = H0, would be more likely than the real
data Dˆ obtained in Ref. [6]. This can be estimated from
the Bayes factor
Bˆeq =
P (Dˆ|Deq)
P (Dˆ|D) (8)
with the unknown evidence P (Dˆ) canceling out. The
Bayes factor of this hypothetical scenario to the real mea-
surement is given by Bˆeq = 4, which would not amount
to strong evidence on the Jeffreys scale for equality over
the observed case.
These considerations suggest that the measurement of
the Hubble constant in the local 40 Mpc environment
(Hˆ0) is consistent with that inferred from the CMB by
Planck (H0).
Conclusions.—Measurements of the current expansion
rate of our Cosmos reveal a significant tension between
the rate inferred from the CMB by Planck and that
found from SN Ia separations employing absolute dis-
tance anchors from nearby Cepheids, masers, parallaxes,
and ecliptic binaries. It was argued here that the local
measurement of the Hubble constant is likely impacted
by a 40 Mpc underdense local region of δenv = −0.5±0.1
that contains the Cepheids/SN Ia calibration sample, and
hence in this context, the Hubble tension may be inter-
preted as a 5σ measurement of that. This is due to the
absolute distance ruler being provided by the local uni-
verse, which is not applicable to cosmological scales with-
out appropriate transformation. Consistent to expecta-
tions, the use of a cosmological distance ruler instead
yields a measurement of Hˆ0 that is in agreement with
H0 [10]. The environmental uncertainties also suggest the
reinterpretation as a measurement of the cosmological
Hubble constant of H0 = (76.5 ± 5.5) km/s/Mpc (mean
and standard deviation) or H0 = 74.7+5.8−4.2 km/s/Mpc
(median and 68% confidence level). The probability for
finding the given local expansion rate for the given cos-
mological rate or Planck data lies at the 95% confidence
level. Moreover, a hypothetical data set with local expan-
sion rate equal to that of Planck would not find strong
preference in the Bayes factor over the actual measure-
ment. These results therefore suggest consistency be-
tween the local and CMB measurements of the Hubble
constant.
The simplified one-dimensional Gaussian treatment of
the local and CMB data is a caveat to these results. But
importantly, the analysis has also been conservative with
the adoption of a 40 Mpc environment, as the absolute
distance anchors reside in a 10 Mpc region, where mat-
ter density fluctuations may be even more pronounced.
Due to the involved fitting procedure in the calibration of
local magnitudes, the relevant scale of the environment
was set to that containing all of the Cepheid/SN Ia sam-
ples. A more local environment set by the immediate
volume of the anchors would further increase the likeli-
hood of encountering the measured discrepancy between
H0 and Hˆ0 (also see Refs. [16, 17] for perturbative contri-
butions). Accounting for this effect would require a joint
analysis of the Cepheid magnitudes in varying environ-
ments, which is beyond the scope of the current analysis
and left for future work. Such a study may also include
the LIGO/Virgo gravitational wave measurement [18] of
Hˆ0 from NGC 4993, also residing in the ∼ 40 Mpc en-
vironment. Repeated gravitational wave measurements
in that volume would be expected to agree with the lo-
cal expansion rate rather than with that inferred from
the CMB. The expansion rate may also be compared to
local galaxy motions such as inferred for the 160 Mpc
span of the Laniakea region [19]. Finally, note that since
first producing the results reported here, a consistent lo-
cal underdensity has independently been confirmed by
CLASSIX galaxy distributions [20].
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Appendix A: Derivations
The following discussion provides derivations for the
arguments presented around Eq. (1). For simplicity,
z  1 will be assumed throughout. Deviations of this
approximation only enter through the dependence of the
magnitude-redshift relation on the cosmological matter
density parameter for large redshifts of the high-z SN Ia
sample. Computations can therefore easily be general-
ized to account for these corrections.
1. Luminosity distance in a local inhomogeneity
The distance traveled by a light ray emitted by a
source at redshift z before observation can be illustrated
by Fig. 2. For z ≤ z40 ≡ z(40 Mpc), it is given by
dˆL = Hˆ
−1
0 z, whereas for z > z40, dL = H
−1
0 z + ∆d with
∆d = H−10
(
H0
Hˆ0
− 1
)
z40 . (A1)
At large distances, dL  ∆d, the distance correction
can be neglected. For the distance modulus, however, it
implies that whereas at low redshifts
m−M = µ˜low = 5 log dˆL
dˆ1
+ 25 = 5 log
z
z1
+ 25 (A2)
with dˆ1 ≡ 1 Mpc, at high redshifts, one instead obtains
µ˜high = 5 log
dL
dˆ1
+ 25 = 5 log
z
z1
+ 25 + ∆M , (A3)
★
z
d

40 Mpc
z40
NGC 4258
H

0
-1z
H0-1z + Δd
FIG. 2. Schematic distance-redshift relation for a uniform
local inhomogeneity in a homogeneous cosmological back-
ground. The distance scales as dˆL = Hˆ−10 z in the interior
and dL = H−10 z + ∆d in the exterior with a distance correc-
tion ∆d set at the edge of the inhomogeneity.
where a correction of the absolute magnitude was defined
as
∆M = 5 log
[
Hˆ0
H0
+
Hˆ0∆d
z
]
= 5 log
[
Hˆ0
H0
+
(
1− Hˆ0
H0
)
z40
z
]
. (A4)
Thus, whereas at z40, ∆M = 0, for z  z40, one obtains
a shift of ∆M = 5 log(Hˆ0/H0). This shift can be avoided
if changing the measurement of distances from the local
reference frame of dˆ1 to the cosmological one of d1.
2. Reference frames
The difference between the absolute distance scales dˆL
and dL can be phrased in terms of two conformally re-
lated metrics, one with a scale factor a that has under-
gone an evolution with an average cosmological matter
density and one that has been governed by the local mat-
ter density, aˆ. Let
gµν = a
2ηµν (A5)
denote the flat FLRW metric of the average universe,
where ηµν is the Minkowski metric. The FLRW metric
of the local universe shall instead be given by
gˆµν = aˆ
2ηµν , (A6)
where aˆ 6= a for a local matter density that deviates
from its cosmological average. A metric applying to both
regimes may furthermore be defined as
g˜µν = a˜
2(x, η)ηµν , (A7)
6where a˜ = a for |x − x0| > R and |x − x0| ≤ R with R
defining the size of the inhomogeneity.
The two homogeneous metrics can be related by a con-
formal factor C as
gˆµν =
aˆ2
a2
gµν ≡ C2gµν . (A8)
For an emission at the cosmological time tem in g, one
can write
aem − a0 =
∫ tem
t0
dt a˙ =
∫ tem
t0
dt aH ≈ a0H0(tem − t0) .
(A9)
Hence, a ≈ H0t. Similarly, aˆ ≈ Hˆ0t for Hˆ such that
C ≈ Hˆ0/H0.
Importantly, observable quantities such as apparent
magnitudes m and redshifts z remain invariant under
the conformal transformation. Absolute distance rulers,
in contrast, are not preserved under the transformation,
and as a rule of thumb, one should be careful with any
quantity that carries units.
In specific, luminosity distances dL rescale as
dˆL = C
−1dL =
H0
Hˆ0
dL . (A10)
This rescaling can also be inferred directly from
dL = (1 + z)
∫ z
0
dz
H(z′)
≈ z
H0
(A11)
and dˆL ≈ Hˆ−10 z such that
dˆL =
H0
Hˆ0
dL . (A12)
It is important to note that while distance moduli are
invariant, µˆ = µ, the adopted normalization of distance
is not (App. A 1). Consider the distance modulus in g,
which is given by
m−M = µ = 5 log dL
d1
+ 25 , (A13)
where d1 = dL(z1) ≈ H−10 z1 = 1 Mpc defines the invari-
ant redshift that corresponds to 1 Mpc in the cosmolog-
ical frame. In contrast, in gˆ, for the same redshift one
finds
µˆ = 5 log
dˆL
dˆ1
+ 25 , (A14)
where dˆ1 = dˆL(z1) ≈ Hˆ−10 z1 = H0d1/Hˆ0. Hence, the
distance normalization is no longer 1 Mpc. Alternatively,
one may define a new scale such that 1 M̂pc corresponds
to z1, or one may choose to absorb the change of nor-
malization into a shift of the reference magnitude M by
∆M = 5 log(Hˆ0/H0) as in Eq. (A4). These issues are
avoided in the distance modulus as long as luminosity
distances are given in the same reference frame as the
normalization employed. It is worth noting at this point
that distances in the local universe are measured in a
megaparsec scale defined by dˆ1.
3. Measurement of the Hubble constant
The high-z SN Ia provide a fit to the magnitude-
redshift relation [2]
m0x = 5 log z − 5ax , (A15)
whereas the low-z SN Ia are used to calibrate a conversion
of m into absolute distance dˆ using the measurement of
dˆN4258 with its calibrated mN4258. In the context of the
conformal relation between the local and cosmological
metrics, m and z of the high-z samples can therefore be
used to attribute a redshift to a distance dˆ, from which
the local Hubble constant Hˆ0 = z/dˆ can be inferred.
Inversely, dˆ can be extrapolated to the high-z regime,
but d and therefore H0 remain undetermined as long as
there is no absolute distance measurement provided in
this reference frame (see Fig. 2).
To perform the calculation more carefully, the
magnitude-redshift relation shall first be followed from
large redshifts to the edge of the local inhomogeneity at
z40, where it is matched with the magnitude-distance cal-
ibration from the low-z samples. More specifically,
ax = log z40 − 1
5
m0x,40 = log Hˆ0dˆ40 −
1
5
m0x,40
= log Hˆ0dˆ40 − 1
5
(µˆ0,40 − µˆ0,N4258 +m0x,N4258)
= log Hˆ0 − 5− 1
5
(m0x,N4258 − µˆ0,N4258) + log dˆ1 .
(A16)
Hence, one obtains Eq. (1),
log Hˆ0 =
1
5
(m0x,N4258−µˆ0,N4258)+ax+5−log dˆ1 . (A17)
Note that the distance normalization dˆ1 is kept here ex-
plicit. This allows for a frame-invariant expression of the
measurement of the Hubble constant. A transformation
into the cosmological reference frame gives
logH0 =
1
5
(m0x,N4258−µ0,N4258)+ax+5−log d1 . (A18)
While the expression is frame invariant, the Hubble con-
stant is a frame-dependent quantity. The distance an-
chors are obtained from the local reference frame, and
the Hubble constant inferred is therefore the local one.
A measurement of H0 is only possible by a given abso-
lute measurement of the cosmological ruler, or inversely,
a transformation to the cosmological distance scale is
only possible by additional knowledge of the cosmolog-
ical Hubble constant H0. However, neither of those
quantities are available from the data employed. More
explicitly, to cancel log d1 in Eq. (A18) one needs to
adopt the distance normalization d1 in µ0,N4258. How-
ever, since we measure dˆN4258, this leads to the conversion
− log dN4258 = − log(Hˆ0/H0)− log dˆN4258, which changes
the measurement in Eq. (A18) back into one of log Hˆ0.
7Importantly, the local environment was chosen as a
uniform matter density perturbation with respect to
the cosmological average density of the 40 Mpc region
that contains all joint SN Ia/Cepheid samples and dis-
tance anchors. This is a conservative choice that was
adopted to avoid any contamination of changing refer-
ence frames in the calibration of the SN Ia magnitudes
expected at the location of the distance anchors, which
uses the joint SN Ia/Cepheid data. In this setting, dis-
tances in the Milky Way or to the Large Magellanic
Cloud are measured in the same local reference frame
defined by Eq. (A6) with constant aˆ = aˆ0. Due to the
different matter densities aˆ has evolved differently to a
from early times ti when the universe was more homoge-
neous (aˆi ≈ ai). Hence, such distances also need to be
transformed for use in the cosmological reference frame.
Neglecting possible contamination in the calibration of
SN Ia magnitudes, absolute distance scales may directly
be set by the distance anchors. Realistically, their respec-
tive nearby expanding environments will deviate from
that of the local 40 Mpc region. The environment av-
eraged over a more nearby distance may notably be ex-
pected to depart more strongly from the cosmological
average, which further improves the consistency between
the local and cosmological measurements of the Hubble
constant. Importantly, the expanding environments of
the different distance anchors are strongly correlated due
to overlapping volumes, and one may hence expect only
small differences between the respective reference frames.
Finally, these results are independent of performing the
calculations in the separated homogeneous frames. The
same relations are obtained if adopting the inhomoge-
neous metric g˜. More specifically, for the high-z samples
one finds (Sec. A 1)
µ˜0 − µ˜0,40 = m0x −m0x,40 + ∆M
5 log
dL
d40
= 5 log
z
z40
+ ∆M . (A19)
This implies that
1
5
(m0x,N4258 − µˆ0,N4258) =
1
5
(m0x,40 − µ˜0,40)
=
1
5
(m0x − µ˜0 + ∆M)
=
1
5
(m0x + ∆M)− 5− log dL
+ log dˆ1
= log z − ax + 1
5
∆M − 5
− log(H−10 z + ∆d) + log dˆ1
= log Hˆ0 − ax − 5 + log dˆ1 ,
(A20)
where the last equality follows from Eq. (A4). Hence,
one recovers Eq. (A17).
